There is a well-known lower bound, due to Mignotte, for the minimum root separation of a squarefree integral polynomial, but no evidence for the sharpness of this bound. This paper provides massive computational evidence for a conjectured much larger bound, one that is approximately the square root of Mignotte's bound.
Introduction
Let A(x) = n i=0 a i x i = a n n i=1 (x − α i ) be a non-zero squarefree polynomial of degree n ≥ 2 with integer coefficients. The minimum root separation of A(x) is defined to be sep(A) = min i =j |α i − α j |. We are interested in lower bounds for sep(A) as a function of the degree n and the size of the coefficients of A. Such a lower bound can be used to obtain an upper bound on the time required by certain algorithms to isolate the roots of A; see, for example, Collins and Akritas (1976) . In Collins and Horowitz (1974) 
was proved, where d is the max norm |A| = max i |a i |. In Mignotte (1982) the lower bound √ 3n
−n/2−1 A −n+1 was proved, using a result of Mahler (1964) , where A is the Euclidean norm of A. Since A ≤ √ n + 1d < √ 2nd this implies the slight improvement
How good is this bound? Can it be closely approached? Let A(x) = x n − 2(ax − 1) 2 , n ≥ 3 and a ≥ 3. In the same paper, Mignotte showed that the irreducible polynomial A satisfies sep(A) < 2a −n/2+1/2 . Here d = |A| = 2a 2 , so sep(A) < 2 −n/4+5/4 d −n/4+1/4 . Similar examples seem not to be known. Concentrating on the exponent of d, there remains a huge gap between d −n/4 and d −n+1 . In this paper, we explore this gap by computing M(n, d) = min{realsep(A) : A irreducible ∧ deg(A) = n ∧ |A| = d} for as many (necessarily small) values of n and d as possible. realsep(A) is the minimum distance between any two real roots of A (undefined if A has fewer than two real roots). Analysis of our results leads to a conjecture that M(n, d) > n −n/4 d −n/2 .
Methods
In this section we describe the methods that were used to generate our results. This is important because of the enormous number of polynomials that had to be processed. The programs described next were written in the SACLIB system.
A(x) and −A(x) have the same roots, so it suffices to consider only polynomials with positive leading coefficients. Also, A(x) and A(−x) have the same separation, so it suffices to consider only polynomials of degree n whose coefficient of x n−1 is non-negative. We used a program LEXGEN that generates in lexicographic order all (n + 1)-tuples of coefficients (a n , a n−1 , . . . , a 0 ) such that a n > 0, a n−1 ≥ 0 and −d ≤ a i ≤ d for 0 ≤ i ≤ n. Our main program, REALSEP, then rejects any such tuple for which there is not some a i for which a i = d or a i = −d. Next, REALSEP rejects the tuple if the greatest common divisor of the a i s is not 1. Then REALSEP converts the tuple to an integral polynomial A of degree n that is primitive.
Next A is tested for squarefreeness. The greatest common divisor of A and its first derivative A is computed modulo a prime number whose size is about one-half of the word length, about 15 bits. If the gcd is 1, then A is known to be squarefree. Otherwise the discriminant of A is computed. Then A is squarefree if and only if the discriminant is non-zero.
Next A is converted to a hardware interval polynomial. Each integer coefficient is converted to the smallest interval with double precision hardware floating point coefficients that contains it. The real roots of the interval polynomial are then isolated using the Descartes method with the SACLIB program HIPRRID. If this fails then the real roots of the integral polynomial are isolated instead, using the SACLIB program IPRRID; but we observed very few failures among millions of cases.
If the polynomial has fewer than two real roots, we go on to the next tuple. Otherwise the SACLIB program HIPIR is used to refine each isolating interval, using interval arithmetic, to a length of 2 −30 . Then the minimum distance between any two consecutive real roots is computed. If this distance is less than the minimum distance for any previous polynomial, then the polynomial is tested for irreducibility. If the polynomial is reducible then it is rejected and a new minimum is not recorded. Since most polynomials are irreducible and since new minimums are rare, this strategy results in a very small cost for irreducibility testing, a relatively time consuming operation.
For more on the use of interval arithmetic for polynomial real root computation, see Collins et al. (2001) .
Quadratic Polynomials
Using the quadratic formula, we can readily deduce some facts about the minimum root separation of any quadratic polynomial. Let A(x) = ax 2 + bx + c be a squarefree polynomial with a > 0 and with
. This is a slight improvement over inequality (2), which for n = 2 reduces to sep(A) > √ 3/2d. If we allow A(x) to be reducible, then the lower bound 1/d can actually be attained for infinitely many values of
The discriminant of an irreducible quadratic polynomial ax 2 + bx + c with two real roots is at least 5. There- 5, 11, 19, 29, 31, 41, 55, 59, 61, 71, 79, 89, 95, 101, 109, 121, 131, 139, 145, 149, 151, 155, 179, 181, 191 and 199 . Let b be odd and b ≥ 5, a = (b 2 − 5)/4, c = 1, and A(x) = ax 2 + bx + c. Then |A| = a, the discriminant of A is 5 and sep(A) = √ 5/a. This Table 1 . Minimum real separations of irreducible quadratic polynomials. Table 2 . Minimum real separations of irreducible cubic polynomials. (2, 8), (3, 12) , (4, 17), (10, 24), (28, 28), (40, 41), (110, 44) and (144, 73) . We conjecture that M(2, d)/d −1 is unbounded above, but is dominated by log d. C(3, d) , the minimum root separation for irreducible cubic polynomials having only one real root. This was done by dividing the polynomial by the monic linear factor corresponding to its real root and then applying the quadratic formula to the resulting quadratic polynomial. The arithmetic operations were carried out using interval arithmetic. We found that in every case C(3, d) was the distance between Table 3 . Minimum real separations of reducible cubic polynomials. Table 4 . Minimum real separations of irreducible quartic polynomials. the two conjugate complex roots of the polynomial with least root separation. Except for d = 13 and d = 25, C(3, d) was less than M(3, d). However the ratios of M(3, d) to C(3, d) were mostly less than two, and never exceeded three. We also computed the minimum real separations of reducible cubic polynomials, denoted by M (3, d), for 2 ≤ d ≤ 25. (M (3, 1) is undefined.) As was the case for quadratics, the minimum separations for reducible polynomials are somewhat smaller than for irreducible polynomials. However, d
Cubic Polynomials
−3/2 again appears to be a good fit. Table 3 shows the values of M (3, d)/d −3/2 , which fluctuate but exhibit no obvious upward or downward trend. For each value of d, the polynomial producing the minimum separation M (3, d) is the product of a linear polynomial and a quadratic polynomial with two real roots.
Quartic Polynomials
M(4, d) was computed for 1 ≤ d ≤ 15. The results are shown in Table 4 . Once again d −n/2 appears to be a very good estimate for M(n, d). M(4, d)/d −2 varies between 0.7127 and 2.1758 and there is no apparent up or down trend in the values. In every case except d = 14, the polynomial achieving the minimum separation had just two real roots. We conjecture that this is just a consequence of the fact that there are fewer polynomials having four real roots than two. For example, for d = 8, 26.2% of the polynomials have no real roots, 70.4% have two real roots, and only 3.3% have four real roots.
For 1 ≤ d ≤ 12, we also computed the minimum real separations of reducible quartics with two real roots. In each case the polynomial achieving the minimum separation was the product of a linear polynomial and an irreducible cubic with only one real root. The ratio of the minimum separation to d −2 varied between 0.078 and 0.756, with no apparent trend. This is consistent with our observations for minimum separations of reducible cubics.
We also computed the minimum separations of irreducible quartics, defined by the distances between any two roots, real or complex. These did not differ significantly from Table 5 . Minimum real separations of irreducible quintic polynomials. Table 6 . Minimum real separations of irreducible polynomials of degree 6. Table 7 . Minimum real separations of irreducible polynomials, degrees 7-10. 
the minimum real separations. For d = 1, 9 and 10 the minimum separations were just slightly smaller than the minimum real separations.
Quintic Polynomials
For quintic polynomials the minimum real separations for irreducible polynomials were computed for 1 ≤ d ≤ 8. The results are shown in Table 5 . Once again M(n, d)/d −n/2 appears to vary modestly, and without a trend, about a constant value slightly less than 1.
Higher Degrees
The results for degree 6 are somewhat anomalous. As Table 6 shows, the value of M(6, d)/d −3 decreases steadily as d increases from 1 to 5. However M(6, d)/d −3 for d = 6 returns to nearly the same value as for d = 2. Table 7 shows the results that we were able to obtain for degrees 7-10. The values of d are necessarily very small. But, at least, one can say that these results are also consistent with a hypothesis that M(n, d) dominates d −n/2 for every fixed value of n.
Separation as a Function of n n n
Our results are supportive of a conjecture that, for every fixed n, there exists Table 8 summarizes our results and suggests that f (n) = n −n/4 may be such a function. In the table, L(n) denotes the least 
We have included n = 11 and n = 12, for which we computed only M(n, 1). The values of L(n)/n −n/4 become somewhat larger for n ≥ 9. This is perhaps to be expected since the values of L(n) for n ≥ 9 are based on only one or two values of d.
Additional Comments
The data we generated required an enormous amount of computation. Consider just one example, the computation for n = 7 and d = 4. The number of 8-tuples generated was 4 · 5 · 9 6 = 10 628 820. The number of primitive polynomials produced was 9 124 740. 9 007 485 of the primitive polynomials were squarefree, and their roots were isolated. 5 516 280 polynomials had only one real root, 3 414 054 had three real roots and 77 144 had five real roots. This resulted in refining to a length of 2 −30 the isolating intervals for 3 414 054 · 3 + 77 144 · 5 = 10 627 882 real roots. The total computation time for this case was 90 min, 43 s.
We also used our computations to explore the frequency of small real root separations. Table 9 gives such frequencies for just one typical example, namely n = 5, d = 6. There were 105 330 irreducible quintic polynomials having max norm 6 and three real roots. The table shows how many of these had real separations greater than 1 and how many had real separations in the intervals (2 −k−1 , 2 −k ) for k ≥ 0. We also looked for characteristics of winning polynomials, those polynomials A of degree n and max norm d with sep(A) = M(n, d). Knowing such characteristics could be helpful in finding polynomials with small real separations without conducting exhaustive searches. The only characteristic found is that the leading coefficient is likely to be the largest. This was the case for 146 of 200 winning quadratics, 19 of 35 winning cubics, nine of 15 winning quartics, six of eight winning quintics, five of six winning polynomials of degree 6, and four of four winning polynomials of degree 7.
